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ABSTXACT 

A method is  developad f o r  f i rding:  the  n a t a a f  modes and frequencies  
of a vehic le  with f l e x i b l y  suspenc?d components. The veh ic l e  is idea l ized  
as a system of one nonuniform beam and any number of f l e x i b l y  suspended 
masses. A v i b r a t i o n  ana lys i s  is f i r s t  made ol" the  beam, omit t ing the  
masses, by a modified Stodola method. The equations f o r  the  connected 
system a r e  then derived using Lagrange's equations.  
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DEFINITION OF SYMBOLS 

Symbol 

A 

aef 

B 

be f 

C 

D 

i, 

r; Ix) 

'b 

j 
I 

krj  

kt j 

mj  

m 

mb 

Mi 
n 

G, 2 4, 

Def in i t i on  

c o e f f i c i e n t  mat r ix  

element of c o e f f i c i e n t  matrix 

c o e f f i c i e n t  matr ix  

element of c o e f f i c i e n t  matrix 

base of veh ic l e  

forward end of veh ic l e  

index of beam bending modes 

r o t a r y  i n e r t i a  of beam p e r  u n i t  l eng th  

moment of i n e r t i a  of beam 

added moment of i n e r t i a  of j t h  mass 

index of added mass 

r o t a t i o n a l  sp r ing  cons tan t  between main beam and j t h  
a t tached  mass 

t r a n s l a t i o n a l  sp r ing  constant between main beam and j t h  
a t tached  mass 

mass cf j t h  component 

number of suspended masses 

mass of beam per u n i t  l ength  

t o t a l  mass of beam 

generalized mass of i t h  main beam mode 

number of s i n g l e  beam modes used i n  ana lys i s  

general  v a r i a b l e  

1i.i 



Symbol 

T 

X 

'mc - 
X 

'mc j 

Y 

j 
z 

j 
z 

DEFINITION OF SYMBOLS 

Def in i t i on  

k i n e t i c  energy of system 

( C m  t inued ) 

p o t e n t i a l  energy of system 

longi tudina l  s t a t i o n  coordinate  

center  of mass l oca t ion  c.F beam 

' - xmc 

center  of g r a v i t y  loca t ion  of j t h  con?ponent 

longi tudina l  s t a t i o n  coordinate  of attachment 
j t h  mass 

'j 'rnc 

'mcj j 
- x  

beam r i g i d  body displacement 

of the  

displacement of beam i n  i t h  mode 

s lope  of displacement i n  i t h  mode 

displacement of beam i n  i t h  mode a t  attachment po in t  
of j t h  component 

t o t a l  displacement of beam 

s lope  .of t o t a l  displacement of beam 

displacement of j t h  component a t  attachment poin t  

displacement of j t h  component a t  center  of g r a v i t y  of 
the comynent 

r o t a t i o n  of j t h  mass 

amplitude of i t h  bending mode 

main beam r o t a t i o n  

iv 



DEFINITION OF SYMBOLS (Continued) 

Symbol Def in i t i on  

na tu ra l  frequency of main beam i n  i t h  mode 'i 
w n a t u r a l  frequency of t o t a l  system 

= 1 i f  i =i, 6.. = 0 if  i # i 'ii - - 



TECHNICAL mMORANDUM X-53733 

A METHOD OF BENDING VIBRATION ANALYSIS FOR A VEHICLE 
WITH FLEXIBLY SUSPENDED COMPONENTS 

SUMMARY 

A method is  developed f o r  f ind ing  the  na tu ra l  modes and frequencies 
of a veh ic l e  wi th  f l e x i b l y  suspended components. The vehfc le  is idea l -  
i z e d  as a system of one nonuniform beam and any nu&er of flexibly s u s -  
pended masses. A v i b r a t i o n  ana lys i s  i s  f i r s t  made of the  beam, omit t ing 
the  masses, by a modified Stodola method. The equations f o r  the  con- 
nected system are then derived using Lagrange's equations.  

I. INTRODUCTION 

Space vehic les  o f t en  have components of r a t h e r  l a rge  mass t h a t  
are at tached t o  the  main s t r u c t u r e  by f l e x i b l e  mounts. ( In  Apollo 
spacecraf t ,  the  l u n a r  module is a prime example.) The na tu ra l  f r e -  
quency of the  component may be i n  the  frequency range of the  lower 
na tura l  frequencies of the  system, i n  which case,  the  e f f e c t  of these 
components on the  na tu ra l  mode shapes and frequencies of the  veh ic l e  
cannot be adequately determined using a s i n g l e  beam model fo r  a n a l y s i s .  
Consequently, a method of ana lys i s  which allows masses t o  be at tached 
t o  the main beam by f l e x i b l e  spr ings i s  presented. 

The vehic le  i s  modeled as a s i n g l e ,  continuous , nonuniform beam 
having masses a t tached by spr ings i n  both  t r a n s l a t i o n  and r o t a t i o n .  
An "attached mass" is assumed t o  be  r i g i d .  

11. EQUATIONS OF MBTTON 

The motion of the  main s t r u c t u r e  is represented by a number of 
f l e x i b l e  body modes and two r i g i d  body modes i n  one plane.  (The number 
of flexib1.e body modes is  determined by the  d i f f i c u l t y  of ca lcu la t ion . )  
The at tached compoiisnts a r e  represented a s  r i g i d  bodies with f l e x i b l e  
attachment, i n  t r a n s l a t i o n  and r o t a t i o n ,  i n  the plane of the  main body 
motion. 



The to t a l  disrlacement of tbe veh ic l e  is  given 

?(X) = 2' qi Yi(X) + y + Gcp, 
i=l 

and the s lope  of the displacement i z  denoted by 

i= 1 

The motion of the center  of g r a v i t y  of the at tached masses is represented 
by 

- 
2 = 2. t X.8.. 

j J  J J  

Lagrange's equation 

s = 1 , 2 ,  ..., (n t 2 + 2x1) 
d - (aT/&) + av - - 0, d t  % 

r e s u l t s  i n  the following equations of motion: 

where A i s  the i n e r t i a  matr ix ,  B i s  the s t i f f n e s s  matr ix ,  and 

{is 1 = 

3 



Assuming so lu t ions  of the above equations of the form 

the following equations a r e  obtained: 

(w2A - B) [qs] = (0). 

The t o t a l  k i n e t i c  energy of the system is  expressed by 

D n 2 

T = 1 2 1 m ' [ l  ti Yi(x) + 9 + 2 61 dx 

C i=l 

and the t o t a l  p o t e n t i a l  energy is given by 
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The required de r iva t ives  with time dependency eliminated .Collows: 

= 4, Mi 
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m n 

m n 

m n 

m n 

m n 
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The elements of the  A and 3 matr ix  are given i n  general  form. There 
is an element fcr each i and each j as i v a r i e s  from 1 to n and j from 
1 t o  m. 

aef = Mi i f  i = i  - e = i  
f = i  

e = n 7  1 
f = n + l  

e = n + 2  
f = n + 2  

a = m  i f  j = j  e = n + 2 + j  
f = n + 2 + j  - e€ j - 

- 
a =X.m i f  j = j  e = n + 2 + j  

f = n + 2 + m + j  ef J j P - 
- 

aef = X.m if j = j e = n +  2 + m +  j - J j  f = n + 2 +  j - 
a = ( m . Z  + I.) if j = j e = n + 2 + m f j  

J J  3 f = n + 2 + r n + j  - e€ - 

The r e m i n i n g  elements of t he  A matrix are zero.  
m 
;1 

m 
m 

j=l  j =1 

m 
P 

e = i  
f =I 

e = i  
f = n + 1  

j=1 
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- _ -  
k t j  'ij 

I 
bef = - krj Yij 

m 
r-l 

j=1 

bef = 0 

m m 
I 

f 1 k . .  Y . .  
1-3 1J 

bef = c  L 2. j k t j  'ij 

j=l  j=l 

e = i  
€ = n -t 2 

e = i  
f = n + 2 + j  

e = i  
€ f n f 2 + m - : - ~ ~  

e = n + l  
f = i  

e = n + :  
f = n f l  

e = n f l  
f = n + 2  

e = n + l  
f = n f 2 + j  

e = n + l  
f = n + 2 + m +  j 

e = n C 2  
f = i  
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b =l * X. k t j  
ef  J 

j=l 

bef - - -kt j  Yij 

bef = -k 
t j  

* 
bef = -X. k 

J t j  

= 6.. k 
J j  tj 

bef = 0 

I bef - - -krj  Y i j  

bef = 0 
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e = n + 2  
f = n + l  

e = n + 2  
f = n + 2  

e = n + 2  
f = a + 2 + j  

e = n + 2  
f = n + 2 + m + j  

e = n + 2 f i  
f = i  

e = n + 2 + j  
f = n + l  

e = n t 2 + j  
f = n + 2  

e = n - ! - 2 + j  
f = n + 2 + J  

e = n + 2 + j  
f = n + 2 + m + ; i  

e = n -t- 2 + rn -1- j 
f = i  

e = n + 2 + m + j  
f = n + l  



bef = -k 
r j  

e = n f  2 + m +  j 
f = n + 2  

bef = 0 

e = n + 2 4 - m  -f- j 
f = n + 2 f m f j  

Ti 1 so lu t ion  of the equation 

i s  acquired by transforming the equat ion i n t o  the  s tandard eigenvalue 
problem. 

111, DISCUSSION OF RESULTS 

To eva lua te  the model, a n  ana lys i s  was made of the t h i r d  s t age  
(S-IVB-D, I U  and payload) Saturn V dynamic t e s t  veh ic l e .  The r e s u l t s  
were compared t o  dynamic t e s t  r e s u l t s  recorded i n  references 2 and 3. 
The configurat ion of the veh ic l e  is shown i n  f i g u r e  1. 

I n  the a n a l y s i s ,  the lunar  module (Li?,M) was idea l ized  as a mass wi th  
center  of  g r a v i t y  a t  the attachment point .  The remainder of t he  veh ic l e  
was considered t o  be a heterogeneous bearr,, Analyses were made f o r  engine 
i g n i t i o n  and engine cutoff  condi t ions.  

The attachment spr ing  constants  used were .19017 x l o8  (newtons) 
and .1367 x l o 9  (newton meters) f o r  t r a n s l a t i o n  and r o t a t i o n ,  r e spec t ive ly ,  
These amounts of s t i f f n e s s  would g ive  LEM frequencies of 6 Hz and 10 Hz 
i n  t r a n s l a t i o n  and r o t a t i o n ,  r e spec t ive ly ,  i f  the spr ings were a t tached  
t o  r i g i d  s t r u c t u r e ,  Four f r ee - f r ee  bending modes of the beam were com- 
puted f o r  input  t o  the coupled mode ana lys i s .  S ix  coupled modes were 
computed, b u t  only four  a r e  shown i n  t h i s  r epor t  because of l ack  of t e s t  
da,ta f o r  comparison. 

9 



Dynamic tes t  r e s u l t s  a r e  compared wi th  t h e o r e t i c a l  r e s u l t s  i n  f i g -  
ures 2 through 11. 
tests a r e  shown f o r  t h ree  d i f f e r e n t  l oca t ions  on the LEM. Only the  r e l a -  
t i v e  displacement a t  the attachment loca t ion  is shown f o r  t h e  t h e o r e t i c a l  
ana lys i s .  
of maximurn amplitude of the  beam. 
may be l a r g e r  ‘rhan uni ty . )  The corresponding na tu ra l  frequencies are 
given on each f igu re .  

The re la t ive  displacements obtained from the dynamic 

The r e l a t i v e  displacements a r e  normalized t o  un&ty a t  the  p lace  
(The re la t ive  displacement of the LEM 

The c o r r e l a t i o n  between dynamic ttst r e s u l t s  and t h e o r e t i c a l  r e s u l t s  
is considered acceptable .  A b e t t e r  c o r r e l a t i o n  could be expected i f  the  
mass c h a r a c t e r i s t i c s  of the  dynamic t e s t  veh ic l e  and the sp r ing  constants  
of the  LEM were b e t t e r  defined. 

CONCLUSIONS 

T h i s  method of ana lys i s  is p a r t i c u l a r l y  usefu l  when the  n a t u r a l  f r e -  
quency of some component is i n  the  frequency range o f  the  lower na tu ra l  
f requencies  o f  the  system. Both the n a t u r a l  f requencies  and the  mode 
shapes a r e  more adequately determined using t h i s  method of ana lys i s .  

The accuracy of r e s u l t s  obtained from t h i s  method is h ighly  dependent 
on a knowledge of the  e f f e c t i v e  spr ing  constants  of the  cor rec t ions  between 
components and veh ic l e  s t r u c t u r e .  These e f f e c t i v e  spr ing  constants  a r e  
o f t en  d i f f i c u l t  t o  c a l c u l a t e  by a n a l y t i c a l  means. Hence, e a r l y  component 
t e s t i n g  t o  deterinine these sprin.g r a t e s  would prove extremely advantageous 
when t h i s  type of ana lys i s  is needed. 

10 
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Figure 1. Vehicle Configuration 
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